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1. Introduction 

Scalar fields in General Relativity has been a topic of great interest in the latest years. One of the 
main reasons is that the models with scalar fields are relatively simple, which allows us to probe 
the detailed features of the more complicated physical system. In cosmology, scalar fields can be 
considered as candidate (inflaton, quintessence, phantom fields, etc.) to explain the inflation of the 
early Universe [g] and the accelerated expansion of the current Universe |P, §, g . In the Standard 
Model of particle physics, the scalar field presents as the Higgs boson p], which would help to explain 
the origin of mass in the Universe. Moreover, it has been found that scalar field plays the important 
roles in other fundamental physical theories, such as, Jordan-Brans-Dicke theory Q, Kaluza-Klein 
compactification theory Q and superstring theory [^, and so on. 

In another side, including nonlinear terms of the various curvature tensors (Riemann, Ricci, 
Weyl) and nonminimally coupled terms in the effective action of gravity has become a very common 
trend from quantum field theory side and cosmology. These theories cover the f{R) modified gravity, 
the Gausss-Bonnet gravity, the tachyon, dilaton, and so on. The nonminimal coupling between scalar 
field and higher order terms in the curvature (the so-called "scalar-tensor" theory) naturally give 
rise to inflationary solutions improve the early infiationary models and could contribute to solve the 
dark matter problem. The new coupling between the derivative of scalar field and the spacetime 



curvature may appear firstly in some Kaluza-Klein theories [10, 11, 12 1. Amendola [|l3| considered 
the most general theory of gravity with the Lagrangian linear in the Ricci scalar, quadratic in ip, in 
which the coupling terms have the forms as follows 

Rdf.tpdf'i;, Rf^^Of'^pd^ip, RtpV^^p, R^^^pOf'tpd'^ip, d^.Rdf'ip, V^Rtp. (1.1) 

And then he studied the dynamical evolution of the scalar field in the cosmology by considering only 
the derivative coupling term Rf^i^d'^^d'^ip and obtained some analytical infiationary solutions |^] . 



Capozziello et al. |14| investigated a more general model of containing coupling terms Rdfj^ij^d^ip and 
Rfiud^ipd'^i^, and found that the de Sitter spacetime is an attractor solution in the model. Recently, 



Daniel and Caldwell |15] obtained the constraints on the theory with the derivative coupling term of 
Rfjiud^^d^i^ by Solar system tests. In general, a theory with derivative couplings could lead to that 
both the Einstein equations and the equation of motion for the scalar are the fourth-order differential 
equations. However, Sushkov |lf:] studied recently the model in which the kinetic term of the scalar 



field only coupled with the Einstein's tensor and found that the equation of motion for the scalar 
field can be reduced to second-order differential equation. This means that the theory is a "good" 



dynamical theory from the point of view of physics. Gao [17| investigated the cosmic evolution of a 
scalar field with the kinetic term coupling to more than one Einstein's tensors and found the scalar 
field presents some very interesting characters. He found that the scalar field behaves exactly as 
the pressureless matter if the kinetic term is coupled to one Einstein's tensor and acts nearly as 
a dynamic cosmological constant if it couples with more than one Einstein's tensors. The similar 
investigations have been considered in Refs.p^, 19]. These results will excite more efforts to be 
focused on the study of the scalar field coupled with tensors in the more general cases. 

In this paper we will extend this non-minimal derivative coupling theory model to dynamical 
gravity and use it to study the greybody factor and Hawking radiation in the background of the 
slowly rotating Kerr-Newman black hole. 

Since black hole is another fascinating object in modern physics, it is of interest to extend the 
study the properties of the scalar field when it is kinetically coupled to the Einstein's tensors in the 
background of a black hole. This extension to Reissner-Nordstrom black hole spacetime is studied 
by S. Chen et al |2^. In this paper, we will investigate the greybody factor and Hawking radiation of 
the scalar field coupling to the Einstein's tensor G^^^ in the slowly rotating Kerr-Newman black hole 
spacetime. We find that the presence of the coupling terms enhances both the absorption probability 
and luminosity of Hawking radiation of the scalar field in the black hole spacetime. Moreover, we 
also find that for the weak coupling t] < rjc, the absorption probability and luminosity of Hawking 
radiation decrease when the black hole's Hawking temperature decreases; while for stronger coupling 
r] > ijc, the absorption probability and luminosity of Hawking radiation increase on the contrary when 
the black hole's Hawking temperature decreases. This feature is similar to the Hawking radiation 
in a d-dimensional static spherically-symmetric black hole surrounded by quintessence lj|], i.e. when 
< —coq < {d — 3)/{d—l), Hawking temperature decreases and the luminosity of Hawking radiation 
both in the bulk and on the brane decreases naturally; when {d — 3)/{d — 1) < —ujq < 1, Hawking 
temperature still deceases, but the luminosity of Hawking radiation both in the bulk and on the 
brane increases conversely. 

The paper is organized as follows: in the following section we will introduce the action of a 
scalar field coupling to Einstein's tensor and derive its master equation in the slowly rotating Kerr- 
Newman black hole spacetime. In Sec. 3, we obtain the expression of the absorption probability in 
the low-energy limit by using the matching technique. In section 4, we will calculate the absorption 
probability and the luminosity of Hawking radiation for the coupled scalar field. In section 5, we 
will include and discuss our conclusions. Appendix is devoted to the extension of the non-minimal 
derivative coupling theory model to the dynamical gravity. 



2. Master equation with non-minimal derivative coupling in the slowly rotating 
black hole spacetime 

Let us consider the action of the scalar field coupling to the Einstein's tensor G^'^ in the curved 
spacetime pi], 
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d X\ 



-g 



R 



levrG 



+ Id^i^d^'i^ + Ic^^'d^ijd.i: 



(2.1) 



The coupling between Einstein's tensor G^^'^ and the scalar field ip is represented by ^G'^'^d^tpd^ip, 
where r] is the coupling constant with dimensions of length-squared. In general, the presence of such 
a coupling term brings some effects to the original metric of the background. However, we can treat 
the scalar filed as a perturbation so that the backreaction effects on the background can be ignored, 
and then we can study the effects of the coupling constant t] on the greybody factor and Hawking 
radiation of the scalar filed in a black hole spacetime. In addition, to avoid the kinetic instability 
for which g^^ + r]G^^ > {g^^ < is assumed) , we set the coupling constant to be positive, r/ > 0. 
Varying the action with respect to ip, one can obtain the modified Klein-Gordon equation 
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(2.2) 



which is a second order differential equation. Obviously, all the components of the tensor G^'^ vanish 
in the Kerr black hole spacetime because it is the vacuum solution of the Einstein's field equation. 
Thus, we cannot probe the effect of the coupling term on the greybody factor and Hawking radiation 
in the Kerr black-hole background. The simplest rotating black hole with the non-zero components 
of the tensor G^'^ is Kerr-Newman one. In this paper, we consider a slowly rotating Kerr-Newman 
black hole, whose element reads pi| 



ds' 
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where M, a, Q are the mass, angular momentum and charge of the black hole. The Einstein's tensor 
G^^ for the metric (p.3|) has a form 
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Adopting to the spherical harmonics 

cPit, r, e, if) = e-'^' e'""^ R^^r) T^ie, au) , 



(2.5) 



(2.6) 



we can obtain the radial part of the equation (p.2| 
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(2.7) 



Clearly, the radial equation (|2.7| ) contains the coupling constant rj, which means that the presence 
of the coupling term will change the evolution of the scalar field in the Kerr-Newman black hole 
spacetime. 

The solution of the radial function Ruiimif) will help us to obtain the absorption probability 
l^^mP and the luminosity of Hawking radiation for a scalar field coupling with Einstein's tensor in 
the slowly rotating Kerr-Newman black hole spacetime. 



3. Greybody Factor in the Low-Energy Regime 

In order to study the effects of the coupling constant r] oi 

the luminosity of Hawking radiation of a scalar field in the background spacetime, we must first 



In order to study the effects of the coupling constant r] on the absorption probability |A^mP and 



get an analytic solution of the radial equation (2.7). In general, it is very difficult. However, as 
in ref.H, M 



25, 26, 27, 



39 



] , we can provide an approximated solution of the radial 



equation (2/7) by employing the matching technique. Firstly, we must derive the analytic solutions 
in the near horizon (r ~ r+) and far-field (r ^ r+) regimes in the low-energy limit. Finally, we 
smoothly match these two solutions in an intermediate region. In this way, we can construct a 
smooth analytical solution of the radial equation valid throughout the entire spacetime. 

Now, we focus on the near-horizon regime and perform the following transformation of the radial 
variable as in Refs. |p9|, 3C, El] 



3|, 31| 








r -^ f{r) = 


A(r) 
r2 


dr 


r 



with 



The equation 
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near the horizon (r ^ r+) can be rewritten as 
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Making the field redefinition R{f) = /"(I — f) F{f), one can find that the equation (| 
rewritten as a form of the hyper geometric equation 
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(3.4) 
can be 

(3.5) 
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^In order to solve the mathematical equation, we should let all coefficients in it dimensionless, so that we define 
these quantities. Usually we let the numerical value of r+ equal to unity. However in this paper, we find that to let 
the numerical value of 2M equal to 1 is more convenient. 



Considering the constraint coming from coefficient of F{f), one can easy to obtain that the power 
coefficients a and /? satisfy 
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respectively. These two equations admit that the parameters a and /3 have the forms 
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The general solution of Eq. ( |3.5| ) is 

RnhU) = A.r{l - ffF{a, b, c; /) + ^+/-"(1 - /)^F(a - c + 1, 6 - c + 1, 2 - c; /), (3.11) 

where A^,A- are arbitrary constants. Near the horizon, r ^ r^ and / — )• 0, the solution has the 
form 



RNH{f) = A_r^ + A+r^. 



(3.12) 



Imposing the boundary condition that no outgoing mode exists near the horizon, we are forced to 
set either A- = or Aj^ = 0, depending on the choice for a±. Here we choose a = a_ and ^+ = 0. 
The sign of /3 will be decided by the criterion for the convergence of the hyper geometric function 
F(a,6, c;/), i.e. Re(c — a — 6) > 0, which demands that we choose /? = /3„ [^, ^ 31|. Thus the 
asymptotic solution near horizon has the form 



RNH{f)=A^r{l-ffF{aAc;f). 



(3.13) 



Let us now to stretch smoothly the near horizon solution to the intermediate zone. We can make 
use of the property of the hyper geometric function [^] and change its argument in the near horizon 
solution from / to 1 — / 
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As r ^ r_|_, the function (1 — /) can be approximated as 
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and then the near horizon solution ( p.l4| ) can be simplified further to 
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Nextly in order to obtain a solution in the far field region, we expand the wave equation ( |2.7| ) 
as a power series in 1/r and keep only the leading terms 
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dr^ r dr \ r^ 

This is the usual Bessel equation. Thus the solution of the radial master equation ( |2.7| ) in the far-field 
limit can be expressed as 



RFF{r) = -^ 



BiJ^{uj r) + B2Y^{uj r) 



(3.20) 



where Jy{uj r) and Yy{Lo r) are the first and second kind Bessel functions, u = I + 1/2. Bi and 
B2 are integration constants. In order to stretch the far- field solution ( p. 20 ) towards small radial 
coordinate, we take the limit r — )• and obtain 
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^ ^ 1, the two power 



In the low-energy and low-angular momentum limit {ojr 
coefficients in Eg. ( p. 16 ) can be approximated as 

-/3 ~ / + C'(w^a^aw), (3.22) 

i(3 + D^-2) ~ -(/ + 1) + 0{uj'^,a'^,auj). (3.23) 

By using the above results, one can easily show that both Eqs. ( 3.16 ) and ( p. 211 ) reduce to power- 
law expressions with the same power coefficients, r' and r^^'^^^>. By matching the corresponding 
coefficients between Eqs. ( |3.16| ) and ( p. 21 ), we can obtain two relations between Ci, C2 and Bi, B2. 
Removing j4_, we can obtain the ratio between the coefficients Bi, B2 
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In the asymptotic region r 
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(X), the solution in the far-field can be expressed as 
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The absorption probability can be calculated by 
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(3.24) 

(3.25) 
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Inserting the expression of B ( 3. 24] ) into Eq.( |3.27] ), we can probe the properties of absorption prob- 
ability for the scalar field coupled with Einstein's tensor in the slowly rotating black hole spacetime 
in the low-energy limit. 



4. The absorption probability and Hawking radiation with non-minimal derivative 
coupling 

We are now in a position to calculate the absorption probability and discuss Hawking radiation of a 
scalar field coupling to Einstein's tensor in the background of a slowly rotating Kerr-Newman black 
hole. 

In Fig. 1, we fix the coupling constant ij, and angular momentum a, and plot the change of the 
absorption probability of a scalar particle with the charge Q for the first partial waves {i = 0) in the 
slowly rotating Kerr-Newman black hole. One can easily see that for the smaller rj the absorption 
probability A^^q decreases with the charge Q of the black hole, which is similar to that for the 
usual scalar field without coupling to Einstein's tensor. However, for the larger rj, the absorption 
probability ^^=o increases as the charge Q increases. These properties mean that the stronger 
coupling between the scalar field and Einstein's tensor changes the properties of the absorption 
probability of scalar field in the black hole spacetime. In Fig. 2, we also find that the absorption 
probability increases with the increase of the coupling constant rj for fixed values of charge q = 0.3, 
and a = 0.1. In Fig. 3, we show the Hawking temperature of the slowly rotating Kerr-Newman black 
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Figure 1: Variety of the absorption probability \Aim\'^ of a scalar field with the charge Q and angular 



momentum in the slowly rotating Kerr-Newman black hole for fixed £ 
set by 77 = 0.1 in the left and by 77 = 1.1 in the right. 
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Figure 2: The dependence of the absorption probability |AfmP of a scalar field on the coupling constant r\ 
in the slowly rotating Kerr-Newman black hole for fixed i — va — ^ and Q = 0.3. 



hole with various charge Q. Therefore, for weak coupHng, when Hawking temperature decreases, the 
greybody factor decreases naturahy, but for stronger couphng the greybody factor on the contrary 



increases. 
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Figure 3: The Hawking temperature of the slowly rotating Kerr-Newman black hole with various charge Q. 



The above results about the absorption probability also hold true for other values of ^, m. In 
this case, there has superradiation region when m = 1,2,- ■ ■ ,£, which is similar to |2^]. It is shown 
in Fig. 4, in which we plotted the dependence of the absorption probability on the angular index 
a. and m with different rj, a and Q. Prom the above two figures in Fig. 4, we can obtain that the 
infiuence of charge Q on the usual radiation [m = — 1,0) is similar to that on the first partial wave. 
While for the super-radiation, the charge enhance it both for weak and strong coupling. And the 
angular momentum a enhance the usual radiation [m = — 1) and the super-radiation (m, = 1) both 
for weak and strong coupling. Moreover, we see the suppression of \Aim\'^ as the values of the angular 
index increase. This means that the first partial wave dominates over all others in the absorption 
probability. It is similar to that of the scalar field without coupling to Einstein's tensor as shown in 

refs.n, II m, n, m, 13, n, n, nil. 

Now let us turn to study the luminosity of the Hawking radiation for the mode i = m = which 
plays a dominant role in the greybody factor. Performing an analysis similar to that in [|^, 30, ^], 



we can obtain that the greybody factor (|3.27| ) in the low-energy limit has a form 
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Combining it with Hawking temperature Th p2| of the Kerr-Newman black hole 
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the luminosity of the Hawking radiation for the scalar field with coupling to Einstein's tensor is given 
by 
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The integral expressions above are just for the sake of completeness by writing the integral range from 
to infinity. However, as our analysis has focused only in the low-energy regime of the spectrum. 
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Figure 4: Variety of the absorption probability |v4^„ip of a scalar field with the charge Q and angular 
momentum a in the slowly rotating Kerr- Newman black hole spacetimc for fixed i = l,m = f,0,— f. The 
coupling constant 77 is set by r? = 0.1 on the left and 77 = 1.1 on the right. In the above two figures, the solid 
lines represent Q = 0.1, the dashed lines represent Q = 0.2, the dashed-dotted lines represent Q = 0.3; in the 
lower two figures, the solid lines represent a = 0.1, the dashed lines represent a = 0.08, the dashed-dotted 
lines represent a — 0.05. 



an upper cutoff will be imposed on the energy parameter so that the low-energy conditions w <C Th 
and ojr^ <^ 1 are satisfied. In the low-energy limit, the luminosity of the Hawking radiation for the 
mode i = can be approximated as 
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In Fig. 5 and 6, we show the dependence of the luminosity of Hawking radiation on the charge Q 
and the coupling constant rj, respectively. From Fig. 5, one can easily obtain that with increase of Q 
the luminosity of Hawking radiation L decreases for the smaller t] and increases for the larger 77. In 
other words, for the weak coupHng, the luminosity of Hawking radiation decreases naturally when the 
black hole's Hawking temperature decreases; while for stronger coupling, the luminosity of Hawking 
radiation increases on the contrary when the black hole's Hawking temperature decreases. This is 
similar to the behavior of the absorption probability discussed previously. This feature is similar 
to the Hawking radiation in a d-dimensional static spherically-symmetric black hole surrounded by 



quintessence Q, i.e. when < —ujg < {d — 3)/{d — l), Hawking temperature deceases, the luminosity 
of Hawking radiation both in the bulk and on the brane decrease naturally; when (d — 3)/(d — 1) < 
—ujq < 1, Hawking temperature still deceases, the luminosity of Hawking radiation both in the bulk 
and on the brane increase conversely. In Fig. 6, we show that the luminosity of Hawking radiation 
L increases monotonously with the coupling constant rj for the all Q. 
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Figure 5: Variety of the luminosity of Hawking radiation L of scalar particles with the charge Q and angular 
momentum a in the slowly rotating Kerr-Newman black hole for fixed £ = and different values of 77. 
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Figure 6: The dependence of the luminosity of Hawking radiation i of a scalar field on the coupling constant 
77 in the slowly rotating Kerr-Newman black hole for fixed £ = and different values of Q and angular 
momentum a. 



From the Fig. 5, there should exist a critical coupling constant r7c, so in the table I, we list the 
critical coupling constant 77c for different Q by using equation dL/dQ = 0. The results show that 
different charge Q of the slowly rotating Kerr-Newman black hole correspond to different critical 
coupling constant rjc- 



Q 



0.1 



0.2 



0.3 



Vc 



0.510 



0.541 



0.600 



Table 1: The critical value of coupling constant 77c for different Q. We set £ 



m ■ 



5. Summary and discussion 

In this paper, we have extend the non-minimal derivative couphng theory model to dynamical grav- 
ity and studied the greybody factor and Hawking radiation with a non-minimal derivative coupling 
between a scalar field and the curvature in the background of the slowly rotating Kerr-Newman 
black hole spacetime. We have found that the presence of the coupling enhances both the absorption 
probability and the luminosity of Hawking radiation of the scalar field in the black hole spacetime. 
Moreover, we also find that for the weak coupling rj < r]c, the absorption probability and the lumi- 
nosity of Hawking radiation decrease when the black hole's Hawking temperature decreases; while 
for stronger coupling rj > r]c, the absorption probability and the luminosity of Hawking radiation 
increase on the contrary when the black hole's Hawking temperature decreases. This feature is 
similar to the Hawking radiation in a d-dimensional static spherically-symmetric black hole sur- 
rounded by quintessence |^, i.e. when < —u)q < {d — 3)/(d — 1), Hawking temperature decreases, 
the luminosity of Hawking radiation both in the bulk and on the brane decrease naturally; when 
{d — 3)/{d—l) < —ujq < 1, Hawking temperature still deceases, the luminosity of Hawking radiation 
both in the bulk and on the brane increase conversely. 

Discussion: This very amazing and interesting similarity shows that the scalar field which is 
coupled to the Einstein's tensor of a black hole spacetime may behave as a "dark energy model" 



in the cosmology. In the Ref. [17|, the authors point out from cosmological side that this scalar 
field which is coupled to the Einstein's tensor behaves exactly as pressureless matter (without a 
scalar potential), plays the role of both cold dark matter and dark energy (with a scalar potential). 
Whether there exists this scalar-tensor coupling or not is still an open question. Because the action 
( |2.1| ) contains a dimension six operator, which when considered at the effective theory level is an 
irrelevant operator, and hence should not have any relevance on sub-Planckian scales. All these 
issues need further studying. 

Acknowledgment s 

This work was partially supported by the Scientific Research Foundation for the introduced talents 
of Hunan Institute of Humanities Science and Technology. J. Jing's work was partially supported 
by the National Natural Science Foundation of China under Grant No. 10675045, No. 10875040 and 
No. 10935013; 973 Program Grant No. 2010CB833004 and the Hunan Provincial Natural Science 
Foundation of China under Grant No.08JJ3010. S. Chen's work was partially supported by the Na- 
tional Natural Science Foundation of China under Grant No. 10875041, the Program for Changjiang 
Scholars and Innovative Research Team in University (PCSIRT, No. IRT0964) and the construct 
program of key disciplines in Hunan Province. 

APPENDIX 

A. Extending the non-minimal derivative coupling theory model to dynamical 
gravity 

In this appendix, we extend the non-minimal derivative coupling model to the dynamical gravity. 
The metric tensor is g^y = rj^y + h^y, where the components h^y be much smaller than 1 and rj^^ is 



the metric tensor of Minkowski. Keeping the leading non- vanishing contributions to the action, and 
dropping some boundary terms, we get the following action, 



S 



1 



IGttG 



d^x 



ft J-J^upai^ 



- (v^" + -<^/i - h^"" 



id,ij){d,ij) - i{D>;,'^hn{d,^){d.i^) 



(A.l) 



where here indices are raised/lowered with rj^^y and where D^^p^ represents the well known graviton 
dynamical operator. 



D 



1 



fll/pcr 



o^,Va)i,d^) - l:v,ipv.)ud' - Ivpad.d. - lv,.dpd^ + M,.d' 



(A.2) 



and ?7 is a coupling constant. Now varying the action with respect to h^'^ and -0 gives the following 
equations of motion, 



IQttG 



du 



(^^' + 2^^'^ - h^")dui] + ^d^[{D^';.hP^)dui;] = 0. (A.3) 



It seems that both equations contain more that two time derivatives acting on fields (the graviton 
equation contains three time derivatives acting on the scalar field, while the scalar field equation 
contains three time derivatives acting on the graviton). But in fact they don't. Then we prove it. 
We define the following quantities: 

Xi^i,pa = d(^p7]a-)(^d^) = - [vuf^Opdu + rjppdady + ■r]avdpd^ + ijpudadp] , 



Y, 



pupa 



VpipVa)u 



d^ 



■ [ripp'qavd'' dr + ri^^ripud'^dr] , 



^pvpa — rfVpU^P^fJ 



L 



pupa I nVpfVpu'-^ nVpi'Vpa^ ^Tt 



(A.4) 



and firstly calculate the term D'^pa [(3q,V')(5/3V')] • 

xf4(9«V)(9/3V')] = \i^.p.i^i + JV'.pa^;^ + ^^,^aV';^ + ^V'.^V';^. + \^Aip + \i^.P^ip 



i^f, [(9„V)(9/30)] = -litpc.t'^ + tc.t?<^ + i^,<ratp + V^.paaV^'l , 
L%^, [(a„V)(a^V')] = +\VP. [V',™^'™ + tatr" + tatr + V^'^.'^r] • 



(A.5) 



So we obtain 

which do not contain more than two time derivatives acting on the scalar fields. Secondly we calculate 
the term a^(Z)^p^/i^'^). 

d.iLf^^^hf^) = i/.;7. (A.7) 



Then we obtain 



d^{D'^^^^hP'^)=0, (A. 



which don't contain three time derivatives acting on the graviton. Lastly we find the motion and 
graviton equations are 






9, 



(<" + lv'"'h- h'''') 5,^] + I (D^^^^'^) 9^9, V = 0. (A.9) 



Note that neither the graviton nor the scalar equation of motion contain three time derivatives, 
suggesting that these type of theories may have, after all, energy bounded from below, and hence 
represent physically acceptable theories. 
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